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1. INTRODUCTION 
Vector variational inequality was first introduced and studied by Giannessi [l] in the setting of 
the finite-dimensional Euclidean spaces. In [2,3], the vector complementary problem was stud- 
ied and its equivalence to the vector variational inequality problem was given under certain 
conditions. It is well known that monotonicity plays an important role in the study of vector 
variational inequalities as well as scalar variational inequalities. In the past years, many im- 
portant generalizations of monotonicity, such as quasimonotonicity, pseudomonotonicity, dense 
pseudomonotonicity, and semimonotonicity, have been introduced to study the various classes 
of variational inequalities and complementary problems. For details, we can refer to [2,4-121 
and the references therein. In 1999, by using the combination of compactness and monotonicity, 
Chen [4] introduced the concept of semimonotonicity and studied the so-called semimonotone 
scalar variational inequality in Banach spaces. Motivated and inspired by [4,11], we shall use the 
combination of demicontinuity and pseudomonotonicity to study the vector F-complementary 
problem with demipseudomonotone mapping in Banach space, which consists of finding u E K 
such that 
Mu, u),4 + F(v) 2’ 0, Mu, u), 4 + F(v) g 0, Vv E  K. 
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Let E be a real Banach space and P c E be a pointed closed convex cone with int P # 8. 
With P, define relations “>“, “z”, “<“, and “p” as follows: for any x, y in X, 
X2Y * x-yEP; 
Xt2Y -s x-Y$R 
x<y -+ y-xEintP; 
XPY * y - x # int P. 
We always say that (E, 5) is an ordered Banach space induced by P. 
2. PSEUDOMONOTONE VECTOR VARIATIONAL INEQUALITY 
In this section, we shall give the existence of the pseudomonotone vector variational inequality 
and present some results that will be used in Section 3. 
Let X be a real reflexive Banach space, K c X be a nonempty closed convex set, and (Y, 5) 
be an ordered Banach space induced by a pointed closed convex cone C with int C # 0. Denote 
by L(X, Y) the space of all the continuous linear mappings from X into Y. 
DEFINITION 2.1. A mapping T : K --t L(X, Y) is said to be hemicontinuous if, for any tied 
x, y E K, the mapping t H (T(x + t(y - xc)), y - x) is continuous at O+. 
DEFINITION 2.2. A mapping T : K + L(X, Y) is said to be pseudomonotone if, for any given 
X,Y EK, 
(Tx,Y-4 PO =+ (TY,Y-4 20. 
DEFINITION 2.3. Let T : K --+ L(X,Y) and F : K --) Y be two nonlinear mappings. T is said 
to be pseudomonotone with respect to F if, for any given x, y E K, 
(TX, Y - 4 + F(Y) - F(x) P 0 =+ (Ty, y - x) + F(y) - F(x) 2 o. 
EXAMPLE 2.1. Let X = R, K = [0, +co), Y = R2, C = R:, and 
0) = ; , 0 
for every x E K. It is easy to see that T is pseudomonotone with respect to F. 
REMARK 2.1. If F E 0, Definition 2.3 collapses to Definition 2.2, and if Y = R, then Defini- 
tion 2.3 reduces to the definition of F-pseudomonotone in the sense of Yin et al. [ll]. 
DEFINITION 2.4. A mapping G : M  c E + 2 E is said to be a KKM mapping if, for any finite set 
{Xl,... , xn} c M, co{xl, . . . , zcn} c Uy=“=, G(Q), where 2E denotes the family of all the nonempty 
subsets of E. 
DEFINITION 2.5. A mapping F : K -+ Y is said to be convex if F(tx + (1 - t)y) 5 tF(x) + (1 - 
t)F(y) for every x, y E K and t E [0, l]. 
LEMMA 2.1. (See 1131.) Let M be a nonempty subset of a Hausdorff topological vector space E 
and G : M --+ 2 E be a KKM mapping. If G(x) is closed in E for every x in K and compact for 
some x E K, then nzEM G(x) # 0. 
LEMMA 2.2. (See [2,3].) Let (Y, 5) be an ordered Banach space induced by a pointed closed 
convex cone P with int P # 0. For any a, b, c E Y, the following implications hold: 
cPa>b =+ b+c, 
cyalb + bpc. 
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LEMMA 2.3. Let T : K -+ L(X,Y) be a hemicontinuous mapping, F : K + Y a convex 
mapping, and x0 E K a given point. Suppose that T is pseudomonotone with respect to F. Then 
the following are equivalent: 
(i) (Txo,x - x0) + F(x) - F(xo) $0, Vx E K; 
(ii) (Tx,x - x0) + F(x) - F(xo) 2 0, Vx E K. 
PROOF., (i) 3 (ii). Th e result directly follows from Definition 2.3. 
(ii) * (i). Supp ose that (ii) holds. For any given z E K and t E (0, l), let zt = x0 + t(.z - x0). 
It follows from (ii) that 
t (T (20 + t (z - ~0)) , z - 20) + t (F(z) - F (x0)) 
>(T(xo+t(z-zo)),t(z-xo))+F(tz+(l-t)xo)-F(xo) (2.1) 
> 0. 
It follows from (2.1) that 
(T(xo + t(z - xo)), z - xo) + F(z) - F(xo) 2 0. 
Since T is hemicontinuous and C is closed, letting t + Of in the above inequality, one has 
Fxo, z - 50) + F(z) - F(xo) 2 o. 
Hence, 
(Txo, z - 20) + F(z) - F(xo) P 0, 
for all x E K. 
The proof is complete. 
THEOREM 2.1. Let K be a nonempty bounded closed convex subset of a real reflexive Banach 
space X, (Y, 5) be an ordered Banach space induced by a pointed closed convex cone C with 
int C # 0. Let T : K 4 L(X, Y) be a hemicontinuous mapping and F : K + Y be a continuous 
convex mapping. Suppose that T is pseudomonotone with respect to F. Then there exists x E K 
such that 
(T(x), Y - 4 + F(Y) - F(x) P 0, Vy E K. 
PROOF. Define two set-valued mappings G1, Gz : K -+ 2K as follows: 
(2.2) 
Gl(z)={x~K:(T x, z - x) + F(z) - F(x) P 0) 
and 
Gz(z) = {x E K: (T z, z - x) + F(z) - F(x) 2 0). 
We claim that G1 is a KKM mapping. In fact, if it is not the case, then there exist {xl,. . . , 
zzcn,} c K, x = Cz, tixi with ti > 0, and Cz, ti = 1 such that z @  UT=, Gl(xi). It follows that 
(T(x), xi - x) + F(xi) - F(z) < 0, i=l,...,?L (2.3) 
Since F is convex, 
0 = (T(x), x - x) + F(x) - F(x) 
5 &(T(x),xi -x) + -&F(xi) -F(x) 
i=l i=l 
= 2 tJ(T(x), xi - x) + F(xi) - F(x)]. 
(24 
i=l 
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Elom (2.3) and (2.4), we know that 0 E int C. This is a contradiction and so G1 is a KKM 
mapping. Since T is pseudom&otone with respect to F, one has Gl(z) c Gz(z) for all z E K 
and so Gz is also a KKM mapping. Also, since K is bounded closed and convex, we know that K 
is weakly compact. Further, it is easy to see that Gs(z) c K is closed and convex since F 
is continuous and convex. Hence, Gz(z) is weakly compact for each z E K. It follows from 
Lemmas 2.1 and 2.3 that 
f-) G(z) = f-) G2(z) # 0. 
ZEK ZEK 
Thus. there exists 2 E K such that 
(T(x), Y - x) + F(Y) - F(x) f 0, V~EK. 
The proof is complete. 
3. VECTOR F-COMPLEMENTARY PROBLEM 
WITH DEMIPSEUDOMONOTONE MAPPrNG 
Throughout this section, let X be a real reflexive Banach space, K c X be a nonempty 
bounded closed convex set, and (Y, 5) be an ordered Banach space induced by a pointed closed 
convex cone C with int C # 0. Denote by L(X, Y) the space of all the continuous linear mappings 
from X into Y. 
DEFINITION 3.1. A mapping A : K x K ---f L(X, Y) is said to be demipseudomonotone if the 
following conditions hold: 
(a) for each fixed u E K, A(u, .) is pseudomonotone; 
(b) for each fixed v E K, A(.,v) IS vector demicontinuous; i.e., for any net {+} c K and 
w E X, U, converges to ~0 in the weak topology of X implies that (A(‘IL~, v), w) converges 
to (A(uo, v), W) in the norm topology of Y. 
DEFINITION 3.2. Let A : K x K -+ L(X,Y) and F : K -+ Y be two nonlinear mappings. A is 
said to be demipseudomonotone with respect to F if the following conditions hold: 
(a) for each fixed u E K, A(u, .) is pseudomonotone with respect to F; 
(b) for each tied w E K, A(., v) is vector demicontinuous. 
DEFINITION 3.3. A mapping F : K -+ Y is said to be completely continuous if for any net 
{ua} c K, U, converges to 2~0 in the weak topology implies that F(u~) converges to F(uo) in 
the norm topology. 
THEOREM 3.1. Let K c X be a nonempty bounded closed convex set, A : K x K + L(X, Y) 
a nonlinear mapping, and F : K -+ Y a completely continuous and convex mapping. Suppose 
that 
(i) A is demipseudomonotone with respect to F; 
(ii) for each 2 E K, A(z, 9) : K -+ L(X,Y) is finite-dimensional continuous; i.e., for any 
finite-dimensional subspace D c X, A(x, .) : K n D -+ L(X, Y) is continuous. 
Then there exists u E K such that 
Mu, ~1, v - 4 + F(v) - F(u) Y! o, Vu E K. (3.1) 
PROOF. Let D c X be a finite-dimensional subspace with Ko = D n K # 0. For each w E K, 
consider the following problem: find 2~0 E Ko such that 
(4~ uo), 0 - ~~10) + F(v) - F(uo) P 0, (3.2) 
for all v in Ko. 
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Since KD c D is bounded closed and convex, A(w, +) is continuous on KD and pseudomonotone 
with respect to F for each fixed w E K; from Theorem 2.1, we know that problem (3.2) has a 
solution us E KD. 
Now we define a set-valued mapping T : KD + 2K~ as follows: 
TW = {UE KD: (A( W,U),V - U) +F(v) -F(U) $ 0, VU E KD}, VWE KD. 
By Lemma 2.3, for each fixed W,E KD, 
{uEKD:(A(w,u),w-u)+F(v)-F(u)~O,VVEKD} 
= {U E KD : (A(w, V),U - U) + F(v) - F(U) 2 0, VU E KD}. 
Since F is completely continuous and convex, it follows that T : KD -+ 2K~ has nonempty 
bounded closed and convex values. We also know that T is upper semicontinuous by the vector 
demicontinuity of A(., u). By using the Glicksberg fixed-point theorem (see [14]), T has a fixed 
point wc E KD, i.e., 
(4~0, wo), 2, - wo) + F(v) - F(wo) ti 0, VU E KD. 
Let l? = {D c X : D is a finite-dimensional subspace with D n K # 0) and 
(3.3) 
WD = {U E K : (A(u,u),w -u) + F(U) - F(U) 10, VU E KD}, VDEV. 
By (3.3) and Lemma 2.3, we know that WD is nonempty and bounded. Denote by r;i/b the weak 
closure of WD in X. Then WD is weakly compact in X. 
For any D+ E D, i = 1,2,. . . , N, we know that Wui ~~ c ~WD~, so {FD : D E 23} has the 
finite intersection property. It follows that 
Let UE nDED WD. we claim that 
Mu, u), u- 4 + F(v) - F(u) P 0, VVEK. 
Indeed, for each v E K, let D E 2) be such that v E KD and u E Ko. Since WD is weakly closed, 
there exists a net {u,} c WD such that U, converges to u with respect to the weak topology 
of X. It follows that 
It follows that 
(A(ua, ~1, v - ua) + F(v) - F(G) L 0. 
(A(u,u),v - u) + F(v) -F(u) 10, VVEK, 
by using the vector demicontinuity of A(., u) and the continuity of F. By Lemma 2.3, we know 
Mu, u), v - 4 + F(v) - F(u) + 0, Vu E K. 
This completes the proof. 
COROLLARY 3.1. Let K c X be a nonempty bounded closed convex set, A : K x K -+ L(X, Y) 
be a nonlinear mapping. Suppose that 
(i) A is demipseudomonotone; 
(ii) for each 2 E K, A(z, .) : K -+ L(X, Y) is finite-dimensional continuous. 
Then there exists u E K such that 
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THEOREM 3.2. Suppose that K is a nonempty closed convex cone and all the conditions of 
Theorem 3.1 hold. Further, suppose that F is positively homogeneous, i.e., F(CYX) = c~F(x) for 
all x E K and cy > 0. Then there exists u E K such that 
Mu, u), 4 + F(u) d 0, Mu, u), 4 + J’(v) P 0, Vu E K. (3.4) 
PROOF. It is easy to see that F(0) = 0 since F is positively hombgeneous. By Theorem 3.1, 
there exists u E K such that 
Mu, u), 2, - 4 + F(v) - F(u) P 0, Vu E K. 
It follows from (3.5) that 
Mu, u), 4 + J’(u) 3 0. 
For any w E K, substituting v = u + w into (3.5), we have 
(A(u, u), w) + F(w + u) - F(U) f 0. 
(3.5) 
(3.6) 
(3.7) 
Since F is positively homogeneous and convex, 
F(w + u) i F(W) + F(u). (3.8) 
It follows from (3.7), (3.8), and Lemma 2.2 that 
Mu, ‘1~1,~) + F(w) P 0, VWEK. 
So u E K solves problem (3.4). 
COROLLARY 3.2. Suppose that K is a nonempty closed convex cone and all the conditions of 
Corollary 3.1 hold. Then there exists u E K such that 
(A(u,uLu) 3 0, Mu, u),v) P 0, VVEK. 
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